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Preliminaries

Notation The symbol A C, B means A is an open subset of B. This notation is not used in the
lecture, but is useful to avoid the constant reoccurring “where U is an open subset of R™”.

1 Manifolds

Definition 1.1. A chart on a set M is a bijection x: U — R"™ from U C M to some open set
z(U) C R™.



An atlas on M is a collection of charts (z4,U,) such that M is covered by the U, and for all a, 3:
x(Uay NUp) is open in R™ and the transition map

rgoxy’: 20Uy NUg) — x5(Usy NUp)

is smooth (i.e. C*).

Two atlases are compatible, if their union is an atlas. This gives an equivalence relation on the set
of atlases. An equivalence class of this relation is called a differentiable structure. A manifold is a set
with a differentiable structure.

Remarks 1.2.
e Given a chart (z,U) and a function f: M — R. We abuse notation and confuse f|y with
fox~l E.g if z(p) = («,...,2") we write f(a!,...,z") for f(p).
o If 2(p) = 0, we say the chart (x,U) is centred at p.

e A differentiable structure defines a topology on M by V' C M is open if and only if z,(V NU,)
is open for all charts (z4,U,). (In particular, all U, are open.) We always assume that this
topology is Hausdorff and second countable (i.e. has a countable basis).

e Given charts z4: Uy — R™ and zg: Ug — R" with U, NUs # 0, the transition map gives
a homeomorphism from some nonempty subset of R™ to the same in R™. By a theorem in
topology this implies m = n. Hence there is a well-defined notion of dimension dim, M. If M
is connected, then dim M is well-defined.

FEzamples 1.3.
e M = R"™ with the single chart x: R® — R", z(¢t) = t.

e M =R. Let A be the atlas given by the usual differential structure and let the atlas A" be
given by the single chart y: R — R, y(¢) = 3. Since t — t3 is not smooth, the atlases A and
A’ are not compatible.

e M = S™ with stereographic projection.

If U is an open subset of any manifold, then U is a manifold with charts U, N U for charts U,
of M.

M,, = {n X n-matrices with real values} & R"’;
GL, ={A € M,, : det A # 0} is open in M,, and so is a manifold.

e Real projective space RP™ with the usual charts.
e C =~ R? is a manifold as is M, (C), GL,(C) and PC".

Definition 1.4. Let M and N be manifolds. A function F: M — N is smooth at p € M, if there
exists a chart (z,U) of M with p € U and a chart (y, V) of N with F(p) € V such that yo Fox~!is

smooth at z(p). We set
C*(M)={f: M — R smooth}.
A function F: M — N is a diffeomorphism if it is smooth, bijective and has a smooth inverse. We
set
Diff(M) = {F: M — M diffeomorphism}.

Note that if a function is smooth with respect to some charts, it is smooth with respect to every
chart (by the chain rule).

Example 1.5. Let M = R with the usual differential structure and N = R with the atlas A’ from
above (i.e. given by y(t) = t3). Then F: M — N, F(t) = t'/3 is a diffeomorphism.



2 Tangent space
Notation. For U C, R"™, f: U - R, p € U and v € R" the directional derivative is

h) —
Dv‘p(f):}lb%f(ﬁvh) )

Definition 2.1. Let M be a manifold and p € M. A tangent vector to M at p is a derivation on
the algebra of germs of M at p.

FExample 2.2. Suppose v: (—e,e) — M is smooth with v(0) = p. Define %(0)(f) = %\tzo fo~. Then
4(0) is a tangent vector at p.

Notation. Let z!,..., 2" be coordinates around p (i.e. x = (x!,...,2"), (x,U) is a chart). Set
0 of ~1
=2 —p., .
] ()= 52| =Dl

(This is the above for v(¢t) = (0,...,0,¢,0,...,0).)

Definition 2.3. The set of tangent vectors at p € M forms a vector space, called the tangent space
to M at p and denoted T), M.

Definition 2.4. Let F': M — N be a smooth map and p € M. The derivative of F' at p is the linear
map
DF|,: T,M — Tpy)M given by DF|, (v)(f) =v(foF).

It is also denoted by (F)|p.
The derivative indeed is well-defined (exercise).

Theorem 2.5 (Chain Rule). If f: M — M’ and G: M’ — N are smooth functions of manifolds,
then
D(G o F)|, = DG|pp) o DF|,.

Proof. Let v e T,M
D(Go F)[p(v)(f) =v(foGoF)=DF|,v)(f oG) = DG|p@) (DFy(v))(f).
O]
Corollary 2.6. If F is a diffeomorphism, then DF |, is an isomorphism with (DF|,)~! = DF_1|F(p).

Theorem 2.7. Given coordinates x*,..., 2" around p, % |p Y are a basis of TyM.

’ Qxm D
Proof. First, we consider the case that p=0¢€ U C, R"™.

Claim: Suppose that U is convex. Given f: U — R smooth, there exist h;: U — R such that
flry,..oorn) = f(0,...,0) + > rihi(ry,...,rn) and hi(0) = D, fl,-

Indeed, fix r € U and set G(t) = f(tr), t € [0,1]. Then, by the fundamental theorem of calculus
and the chain rule,

F) = £(0) = G(1) — G(0) = /0 G (t)dt = /O "D, f(tr)radt
i=1

Set hi(r) = fiy S0y D, f(tr)dt.



Next we will show that D |,,..., De,
f(r) = f(0) + >, 7ihi(r) as above. Then

o(f) = v O) +v (Y rihilr)) = D v(ri)lg ha0) + rilg v(hs) = 3 v(ri)lo De, flo -

?

o is a basis for ToR". Let v € ToR"™. Given f, write

=0, since f(0) is constant

Set a; = v(r;)|,- Then v = Y a; D,|, and hence the D,
De,|, (rj) = 05, they are also linearly independent.
0 , are a basis of T, M. Consider the diffeomorphism

o span the tangent space. Because of

For the general case we have to show that -

z: U — z(U). Without loss of generality z(p) = 0. Then Dz|, : T, M — TpR is an isomorphism and

one checks that Dz|, (3% o) = Deil, O

Copcretely this means that for v € T,M, v = Y, v(z") 52 o o=3, a2 ,» then v(2?) =
> ia'6i = a ]
Corollary 2.8 (Transformation Law). Suppose y',...,y™ are another set of coordinates at p. Then
oy |, - oy |, oz |,

In particular, for v e T,M withv =73, a’ %\p =3 b %

i i oz
, we have a —Zjbj oL
P

Oy »
i _0 _ j dx’ o)
Proof. 3 ;a ami|p—2jb7§:iwpaz'ip- =
From any linear function f: U = R (p € U C, M) we get a linear map
Df|p2 TpM — Tf(p)R ~ R
and hence an element the dual space Ty M = (T,,M)*. It is denoted df],.
Lemma 2.9.
1. dm1|p ey dz"\p is the dual basis to %|p by 34%|p'
_ of i
2. df|p =2 o7, dx |p,
Hence df|, carries the same information as the gradient.
Proof.
1. Consider g: R — R, t +— t:
0 0
d ’ a4 = A~ " = - Y = 61
€T |p (axj p> (g) 6 j (g ) a.’L‘j ( ) J
o) _ 0 _ of
2. df|p(wp>—w}p(f)—wp~ O

3 The tangent bundle

Definition 3.1. Let M be a manifold. Define the tangent bundle T M of M as follows: As a set
TM = 1],en TpM. For every chart (x,U) of M define a chart (ty, TU) on TM by TU = [],cr; T,M
and

tU: TU - I(U) X Rn g R2n7 UP € TPM = (l’(p), (al(p)a ) an(p))t)’

where v, =3, a’(p) %

p’



This gives a differential structure on 7'M, which makes T'M into a manifold of dimension 2 dim M:
Given another chart (y, V') the transition map is given by

tuty :y(UNV) xR® - 2(UNV) x R", (o, (B, ..., 0")") = (zy~ (), (a',...,a™)"),

where a' = Yt/ 247, So they are smooth. Also this gives a topology on TM that is Hausdorff
and second countable (exercise).

Lemma 3.2. The map w: TM — M mapping v, € T,M to p is smooth.
Proof. Given p € M and a chart (z,U) around p we have
zormoty'(a,(al,...,a™)!) =a. O

Consider a function X: U — TU with 7o X =idy. Then X = Y, a’52; for some a’: U — R. We
see that X is smooth if and only if all a* are smooth.

Definition 3.3. A smooth map X: U — TM with m o X = idy is called a wvector field on U.
We will often write X, for X (p). The C°°(U)-module of vector fields on U is denoted Vect(U).
Here multiplication is pointwise, i.e. (fX)(p) = f(p)Xp. Further, Vect(U) acts on C*(U) by
(X9)(p) = X,(9)(p) = X,(g). (Locally Xg =" a'L%, so it is smooth.)

Definition 3.4. Let F': M — N be smooth. Then define
DF:TM — TN, vp € TyM — DF|p (vp) € Trp)N.

Proposition 3.5. DF is smooth and

commutes.

Proof. Let dim M = m and dim N = n. Pick charts (z,U) around p € M and (y, V') around F(p) € N.
Say F = (F!,...,F") where F' = Fi(z',...,2™) are smooth. Then DF|, (% p) =3, d 9

W | (p)
with _
) 0 , 0 . OFJ
) = DF . 7)) = . JoF) = — .
a |P (8:10’ p> (y ) amz » (y °© ) axz »
In other words, with respect to the basis % » of T, M and %’F(p) of Tppy) N, DF|p is given by

the matrix < OF)

57 ) . [By abuse of notation this matrix is also denoted DF'|,,.] Thus

Jst

tv o DF oty (a, (b',...,0")") = (yFz~'(a), DF| (b',...,b")"),
the matrix
which is smooth. O
Warning. While it is possible to “push forward” individual tangent vectors via DF', for a vector

field X € Vect(M), DF(X) does not make sense in general, as for ¢ € N there might be more than
one point in F~1(q).



On the other hand, if F is a diffeomorphism, then DF(X) makes sense:
(F.X)|, = DF(X)|, = DF|p1) (Xp-1(g))-
Remark 3.6. We can think of vector fields a derivations on the space of smooth functions:

(X(gh))(p) = Xp(gh) = g(p) X, (h) + h(p) X,(g),
ie. X(gh) =gX(h)+ hX(g).

Proposition 3.7. Given any derivation X: C*®(M) — C>®(M), there exists a unique vector field
X on M such that X(g)(p) = Xp(g) for all g € C>°(M). This defines an isomorphism between
derivations on C*°(M) and Vect(M).

For the proof the following construction is needed, that will also come in handy later on.

Lemma 3.8 (Bump Functions). Let p € U C, M. Then there exists an open subset p € U' C U and
a function o € C®(M) such that ¢ =1 on U’ and supp(yp) C U.

Proof. Define:

eVt >0

alt) = {0, £<0
B a(t)

A = S et =1

t

for some ¢ small enough. O

Proof of proposition. Suppose flw = g|w for some p € W C, M. We need to show that X (p)(f) =
X(p)(g). Pick a bump function ¢ such that ¢ =1 on some p € W’ and suppp C W. Then ¢f = ¢g
on M. Hence

X(pf) = X(pg)
PX(f) + fX(p) = pX(g) + g X (p).

Thus X(f)(p) = X(g)(p) and so X,, is well-defined on germs. As X is a derivation, X, is one. So
Xp e T,M.

To check that p — X, is smooth, introduce local coordinates X, = > a‘(p) a?c'i . Then
a'(p) = X,(a') = X(pa')]|,
for a suitable bump function ¢. So o and hence X is smooth. O

A section X: M — TM is smooth if and only if X(f) is smooth for all f € C(M).
If X,Y € Vect(M), then XY does not need to be a vector field as

X(Y(9f) = XY (f) + fY(9) = X(9)Y(f) +9gX (Y (f)) + X(/)Y (9) + fX(Y(9))

does not give a derivation. However, XY — Y X does give a derivation.



Definition 3.9. Let X and Y be vector fields on M. Then the Lie bracket of X and Y is the vector
field [X,Y] = XY - Y X.

Proposition 3.10.

1. [—, =] makes Vect(M) into a (possibly infinite dimensional) Lie algebra, i.e.
a) [—,—] is bilinear and anticommutative ([X,Y] = —[Y, X]);
b) [X,[Y,Z]|+[Y,[Z,X]]+ [Z,[X,Y]] =0 (Jacobi identity)

2. If f,g € C=(M), then [fX, fY] = fg[X, Y]+ f(Xg)Y —g(Y [)X.

3. Ifz',... 2" are coordinates, then [%, %] =0 foralli,j.

4 Lie groups
Definition 4.1. A Lie group G is a manifold G that is also a group such that the maps
m:GxG—G, (g,h)—gh and i:G—G, grsg !

are smooth.

Example 4.2. GL(n,R), S* C C and S® C H (where H are the quaternions and S* is thought of as
the unit quaternions) are Lie groups.

Given g € G, consider Ly: G — G, h +— gh, which is smooth with smooth inverse Lg-1. Then
DLy|, : T.G — T4G is an isomorphism.

Definition 4.3. The Lie algebra of the Lie group G is g = T.G.

To justify this definition, we need to define a Lie algebra structure on g. Recall that if F': M — M
is a diffeomorphism and X a vector field on M, then we can define another vector field on M by
(Fe X)), = DF| gy (X|p-1(y)) € TpM.

Lemma 4.4. [F.X,F.Y] = F.[X,Y].
Proof. exercise O

Definition 4.5. A vector field X on a Lie group G is called left-invariant if (L,), X = X for all
g € G. The space of all left-invariant vector fields on G is denoted Vectr(G).

By the lemma, the Lie bracket of two left-invariant vector fields is again left-invariant.

Proposition 4.6. For { € g set define X¢ by (Xg)q = DLy(&) € TyG. The map & — X¢ gives a
isomorphism g — Vectr(G).

Proof. X is a vector field: Given f € C*(X):

(Xe), (f) = DLg(&)(f) = &(f © Ly)-

Since m is smooth, this is smooth with respect to g (exercise).
Because of

(Lg)*XE|h = DLg‘g—lh (X£|g—1h) = DLg‘gflh (DLg‘1h|e (&) = DLn[, (§) = Xel,

(chain rule), X¢ is left-invariant.
Conversely, if X € Vecty(G), let £ = X.. Then X = X,. O

This gives a Lie algebra structure on g by X¢ ) = [X¢, X;].



5 Vector fields and flows

Recall: Given a smooth curve v: (—¢,e) — M, we set §(to) = D7l (%‘to) where 4 i € TeoR.
Definition 5.1. Let X be a vector field on M.

1. An integral curve of X through p € M is a smooth curve v: T'— M (with I C, R an interval
with 0 € I) such that v(0) = p and §(t) = X, ) for all t € I.

2. A flow of X isasmooth a: I xU — M (with0 € I C, Rand U C, M) such that for all p € U,
t — a(t,p) is an integral curve of X through p.

Remark 5.2. Suppose that in local coordinates z!,..., 2", X = > al a?c'i and p = (p1,...,Pn). Then

v = (Y1,---,7n) is an integral curve if and only if v;(0) = p; and +;(t) = a’(y(t)) for all i.

Theorem 5.3 (Existence and Uniqueness of Solutions of ODEs). Let0 € U C, R™ and X: U — R™
Lipschitz. Then there exist € > 0 and a > 0 such that there exists a unique flow o : (—¢,€) X B, (0) —
R™ of X (i.e. %a(t,p) = X(a(t,p)), a(0,p) = p for all p € B,(0).) Furthermore, if X is smooth,
then so is a (i.e. the solutions of an ODE depend smoothly on the initial conditions).

Proof. See Lang, Analysis I, chapter VI. O

Theorem 5.4. Let X be a vector field on M _and p € M. Then there exists a unique mazimal integral
curve y: I — M of X through p (i.e. if ¥: I — M is a another integral curve through p, then I C I
and A7 = 7).
Proof. Let I = JI. be the union over all integral curves c: I, — M of X through p. By the
existence theorem I # (). We want to show uniqueness (even outside of a chart around p). Let S =
{t >0: gy = 72\(0’,5)} #0,5 C I, NI,. Set ty=supS and assume to < min {sup I, ,sup I, }.
By continuity, v1(to) = 72(tg). The curves ¢ — ~1(t + o), t — Y2(t 4+ to) are integral curves
through 1 (to) = v2(t0). By uniqueness (in the ODE theorem), there is a neighborhood of 0 such
that 71 (t + to) and 2 (¢t + to) agree. Hence there is a neighborhood of ¢y with 3 = 72, contradicting
the choice of tg.
Hence t9 = min{sup I,,,supl,,}. An analogous statement holds for negative time. So we can
patch the curves together to give the maximal curve ~. O

Ezample 5.5. Let M = R? and consider X = 2. Let p = (a,b) € M. For a curve v = (v1,72) with
~v(0) = (a,b) to be an integral curve it must fulfill

>_@£
/o dt Oz

9
ox

d

0 dt

+ -
Y(t) dt 8y

7(?)
and hence
L
dt ’ dt
So y(t) = (a +t,b).
For M = R?\ {0} and X = %, v is not defined on all of R. In fact at p = (—¢,0), it is only
defined for t < e.
Ezample 5.6. Let M =R, X = xa%, ~v(0) = p and v an integral curve. Then () = v(¢) and so
v(t) = pet. Notice that if p = 0, then «(¢) = 0 is constant.

Theorem 5.7 (Existence of Flows). Let X be a vector field on M and for p € M let ~v,: I, — M be
the mazimal integral curve of X through p. Set I = (\,cpr Iy (possibly I ={0}) and p: T x M — M,

(t.p) = (). Write pi(p) = ¢(t,p). Then:

1. Yo = idM,‘

10



2. ¢ is smooth;
3. Y145 = Pt 0 s wherever this is defined.
@ is called the flow of X.
Proof.
1. Obvious as 7,(0) = p.
2. Comes from the last part of the ODE theorem.

3. Fix s. Then both t — ¢; 0 @s(p) and t — @1 4(p) are the unique integral curve through ¢, (p).
Hence they are equal. O

Definition 5.8. We say that a vector field X is complete if for every point p € M the maximal
integral curve through p has domain R.

Theorem 5.9. If supp(X) is compact (e.g. if M is compact), then X is complete.

Proof. For each p € M there is an open interval I, around 0 and an open neighborhood U, C M of p
such that there is a flow ¢4(t) on I, x U,.

Say supp(X) ={p € M : X, # 0} C K compact. Then there exist p1,...,pm € M such that U,
cover K. Set I = (i~ I, (is an open interval). For ¢ € I define

cpi(t) if g € supp(X), ¢ € Uy,
ei(q) = .
0 if ¢ ¢ supp(X)

So ¢, is a flow defined on all of M, but only for ¢t € I.
For the extension to all ¢ € R fix ¢ and pick N € N such that + € I. Set

This does not depend on the choice of N and gives a flow, i.e. psi+ = @5 0 @ (exercise). O

5.1 The Lie derivative

Consider C*° (M) as a vector space. Then Diff (M) acts on C>°(M) by (¢, f) — ¢*f = fop. Let
X € Vect(M) be a vector field with flow ¢; (¢ defined in some interval around 0). Then ¢t — ¢} f is a
path in C*°(M) through the point f € C*°(M) at t = 0.

Definition 5.10. The Lie derivative of f along X is

. eif—f
Lxf =5 t

¢; f=1lim
=0 t—0

Proposition 5.11. Lxf = Xf.

Proof. At p € M consider the integral curve c,(t) = ¢;(p) through p. By definition %}t:O cp(t) =
XcP(O) = Xp. Thus

foei(p) d

d
Lxf(p)= - i =%

= n focy(t) = Xp(f) O

t=0

11



Now consider Vect(X) as a vector space and the action of Diff (M) on Vect(M) given by (¢,Y) —

©*Y = (¢71),Y. We have Dgo_le(p) : Typym — Tp M so that

(QO*Y)LD (9) = D@71|¢(p) (Y)(9) = Ytp(p) (go @71)
Definition 5.12. The Lie derivative of Y € Vect(M) is

d
LxY = — ;Y.
X dt |, Pt

Proposition 5.13. LxY = [X,Y].
Proof. Put g= foyin :

Y|, (fop) =Yy (f) = h(e(p)),

~+

1
t—0 t + tl—)o t

o Y], (f o) = Y3(f)
m .

=A =B
By linearity,

—fow
L2loen) vy, .

==&, er (==X ()
h(¢e(p)) — h(p)
t
SoLxY =XY -YX.
Corollary 5.14.
1. LxY is linear with respect to both X and Y.
2. LxY = —-Ly X.
3. LxX =0.If X, =0and Y, =0, then LxY|,=0.

Lemma 5.15.

= LXh’|p = Xp(h) = X, (Y (f)).

(1)

1. Let a: M — N be a diffeomorphism and X € Vect(M) with flow ¢. Then the flow of a, X is

aoproal.

2. Let a: M — M be a diffeomorphism and X € Vect(M) with flow p;. Then a. X = X if and

only if a0 @ = @y 0 a.

Proof. exercise.

O

Proposition 5.16. Let X and Y be vector fields on M with flows ¢ and &5 respectively. Then

[X,Y] =0 if and only if pr 0 & = & 0 @y for all s, t.

12



Consider o = &_50p_; 0&; 0 ;. Then the proposition says that a(p) = p for all p and all s, ¢ if
and only if [X,Y] = 0.

flow along X for —t sec

flow along Y for —s sec flow along Y for s sec

a(p)
mg X for t sec

p

Proof. If ¢ and £ commute then by the second point of the lemma, Y =Y and hence [X,Y] =
LxY =0.

Suppose now that [X,Y] = 0. So LxY = lim,_ W = 0. Fix p € M and set c(t) =
(¢t)« Y|,. Then

ey e L
d(t) = lim E(C(t + h) —c(t))

—0

= lim % ((<,0t+h)* Y], = (1), Y|p)

h—0
: (on), Y], = Y],
o (£
—0

Thus c is constant, i.e. ¢(t) = ¢(0) for all t. So (¢¢), Y|, = Y|,. This is true for all p, so that
(p), Y =Y for all t.
By the lemma this implies that ¢; and £s commute. O

6 Submanifolds

Definition 6.1. A submanifold of a manifold M is a manifold N together with a smooth injection
t: N — M such that

1. for all p € N, DL|p : TyN — T, M is injective; and
2. () has the subspace topology.

If only 1 holds, then we say that N is an immersed submanifold and ¢ an immersion. A submanifold
is sometimes called an embedded submanifold.

Example 6.2.

is an immersion, but not a submanifold.

13



Theorem 6.3. Let F: M — N be smooth. Let c € N and set Z = F~'(c). Suppose rank (DF|p) =

dim N for allp € Z. Then Z is a submanifold of M (or Z = 0) of dimension dim Z = dim M —dim N.
If 1Z — M s the inclusion, then Di|,: T,,Z = ker(DF|, : T,M — Tr)N).

Theorem 6.4 (Inverse Function Theorem). Let U C, RY and G: U — RY smooth such that D@,
is an isomorphism at some point p € U. Then G is a local diffeomorphism around p (i.e. there exist
neighborhoods p € V. C, U and G(p) € W such that G induces a diffeomorphism G: V. — W ).

Proof. handout. O

Proof of the submanifold theorem. Let n = dim N, dim M = n+ m. Fix p € Z and local coordinates

2l .., 2™ on U around p and y',...,y" around F(p) = c¢. Say F = (F,...,F,), DF\p =

OF;
OxI
P/ 1<i<n, 1<j<m+n

As DF| p 1s a surjection, it has a non-singular n x n minor. Without loss of generality assume that

and ¢ = (¢1,. .., c,) with respect to these coordinates.

A= (gfj ) is non-singular. Set
P/ 1<ij<n
G: U — R"™, (@1, oy Tngm) — (Fr(@1, o Zgm)y oo Fn(@1, ooy Tngom) s Totds - « - s Tk ) -

Then DG| p = (4 %) is an isomorphism, so by the inverse function theorem there are neighborhoods
pe U CU, G(p) € V' such that G|, : U = V".

Consider U = U’NZ. Then G|l~] has image {(¢1,. -, Cny Tnt1s- s Tntm)} =2 {(@nt1, s Tngm)} C
R™. This gives a chart on Z and the transition functions are smooth since they are given by a
composition of smooth functions. O

Ezample 6.5. F: R""' — R, (zq,...,2,) — 22 + - 22 gives S = F~1(1). For a fixed p € S,
DF|,(vo,...,vn) = 237, pjv;. So DF|, is onto (i.e. has rank 1) for all p € S". Thus S" is a
submanifold of R"*! and

1,8" = {(vo,-..,vn) : DF|, (vo,...,vn) =0} ={v:v-p=0}

Ezample 6.6. The symmetric matrices Sym,, = {A € M,, : A = AT} are a vector space (and thus a
manifold) of dimension % Consider F': GL,, — Sym,,, A — AAT. So O(n) = F~1(I).

For B € O(n), the map Rp: GL, — GL,, A — AB is a diffeomorphism and F o Rp(A) =
ABBTAT = AAT = F(A), ie. FoRg = F. Thus DF|, = DF|; 0 DRg|;. Hence DF|y is
surjective if and only if DF|; is surjective. From F(I +tH) =1+ t(H + HT) + O(t?), we see that
DF|, (H) = H + HT is surjective.

Therefore O(n) is a manifold of dimension n? — @ = @

Definition 6.7. Let ¢: N — M be a smooth embedding. Two vector fields X € Vect(N) and
Y € Vect(M) are called v,-related, if Di, (Xp) =Y, forallp € N.

The condition is equivalent to Y,,)(g) = Di|, (X;)(g) = Xp(g o) for all p and g and hence to
Y(g)or=X(gour).

Proposition 6.8. If X; € Vect(N) are v,-related to Y; € Vect(M) for j = 1,2, then [Xy, X5] is
t«-related to [Y1,Ya].

Proof.
[Y1,Y2](g) o v = (Y1(Ya(g)) — Ya(Yi(g))) ot

= X1(Ya(g) 01) = Xa(Y1(g) 0 1)
= X1(X2(got)) = Xa(X1(g o)) = [X1, Xo](G o). O
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Example 6.9. A Lie subgroup of a Lie group G is a subgroup H C G, that is an immersed submanifold.
Say ¢v: H — G. Let h and g be the corresponding Lie algebras. Then Dt = 1,: h — g. We will show
that 1. is a map of Lie algebras, so that b is a subalgebra of g.

Let L,: H— H and L,: G — G be left multiplication. Then L,ot=10L,. Fix ¢ € b which
gives us Xg € Vectr(H). We have to show that 1 X¢ € Vectr (G):

(o), teXe = ta(La)aXe = 1. Xe,

Also for n € b, [X¢, X,)] is 1, related to [0, X¢, 1. X, so that ¢, preserves the Lie bracket.
In fact, the converse is also true: Given a Lie subalgebra hh C g, the exists a Lie subgroup H C G
with Lie algebra .

7 Integral manifolds
Definition 7.1.

1. A k-dimensional distribution A on M is a choice of k-dimensional subspace A, C T,,M for each
peM.

2. Say A is smooth if for all p € M there exists an open p € U and X;,..., Xy € Vect(U) such
that spang{ Xi[, ..., Xi[,} = Ag forallg € U.

3. An immersion ¢: N — M is an integral manifold of A, if 1,T4N = A, for all ¢ € N.

Suppose that A is a distribution on M and X;,Xs € Vect(M) such that X1|p, X2|p € A,

Suppose further that there exists an integral manifold t: N < M of A with p € N. Define )?j
q

by L*(j}/j q) = Xj|, forall g € N, j =1,2. (This is possible as 1, (T;N) = A4 and ¢, is injective.)

Then X; € Vect(NN) (exercise). By definition, j(vj is v,-related to X, so that (X1, Xo] is v,-related to
[X1, X2]. Thus [X1, X3], € A,. This motivates the following definition:

Definition 7.2. Let A be a smooth distribution on M.
1. Say X € Vect(M) belongs to A if X,, € A, for all p € M.

2. Say A is integral (or integrable or involutive) if whenever X, Y belong to A, then [X, Y] belongs
to A.

Theorem 7.3 (Frobenius Integrability Theorem). If A is integral if and only if there exists an
integral manifold of A through every point of M.

Lemma 7.4. Suppose Xi,..., Xy, € Vect(U) are linearly independent and [X;, X;] =0 for all i,j.
Let p € M. Then there exist coordinates y*,...,y" around p such that X; = % fori=1,... k near

p.

Proof. by working locally, we may assume M = R", p = 0. Further, by a linear change of coordinates
we may assume X,;|, = %’0 fori=1,...,k.

Say X; has flow 4,0?). We will construct the first k& coordinates using these flows. Consider
n n 1 2 k
FiR* = R",  Flt,....ta) = o002 - o8(0,...,0,tkp1, . ).

Using the inverse function theorem we want to show that F' is a local diffeomorphism. For this we
show that DF|, =1I.
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Fix a = (a1,...,a,) € R". Then

0 0

DF(@ a) (9) = ot, a(QOF)
 lim g(F(a1 + h,aa,...,a,)) — g(F(a))
h—0 h
y 9@ o) o8 (0,0, kst an) — 9(F(a))
= 11m
h—0 h
iy 9000 (F(2) — 9(F(2))
h—0 h

= Lx,9(F(a)) = X1(9)|p(a) -

Thus
0
o (55 ) = Xilra)
1o} 0
o (55 0) = Xlre) = X = Fi|

Since [X;, X;] = 0, the flows commute, so that the same calculation works to show

0
57| ) = Xilrw )

0 0
DF(— >:XZ- =
0 o oxt

ozt

DF(

0

fori=1,...,k. For ¢ > k we have

0 0) 6= 5

oz’
= lim

h—0 h

DF(

— i
hlg}) h

_ 99

0
Thus DF|, = I and by the inverse function theorem F is a local diffeomorphism. Hence y = F~*
is a coordinate system and by (2)), Biyi =X, fori=1,...,k. O
Proof of Frobenius’ Theorem. We may assume that we are working on R” with p = 0 and Ag =
spang{ 8%1 9

Y Bag

}+. Consider
0 0

7: R" — RF, (1., xn) — (T1,. .., Tk)-

So Drly: A — ToR* is an isomorphism. So for ¢ near 0, Dﬂ"q Ay — Tﬂ(q)Rk is an isomorphism

and in particular injective. Thus there exist X1, ..., X € A such that 7.X,(¢) = % @ for ¢ near
(g
Oand j=1,...,k.
By assumption [X;, X;] € A. So m,[X;, X;| = [83 , %] = 0. By the lemma there exist coordinates
i J
yl, ..., y" with X; = %i fori=1,...,k. So N = {y*¥*! = ... = 9" = 0} is an integral manifold of
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A near p = 0. O

Remark 7.5. With a little more work one can show that there exists a unique maximal integral
manifold through p.
Example 7.6. Let G be a Lie group and h a Lie subalgebra of g. We will show that there exists a Lie
group H C G with Lie group b.

For g € G set Ay = spang{ X¢|, : £ € h}. This is a smooth distribution and as b is closed under the
Lie bracket, A is integrable. So by the Frobenius theorem there exists a maximal integral manifold

H through e € G.

For g € G note (Lg)«Agy = (Lggr)+Ac, 50 (Lg)s« takes A to itself. One can check that this implies
that L, takes the integral manifold through e to that through g. If h € H, then Lj-1 takes H to the
unique maximal integral manifold through Lj-1(h) = e, i.e. Lj,-1 takes H to H so that H is closed
under multiplication. So it is a subgroup. One can show that multiplication is smooth on H.

8 Vector bundles

The idea of a vector bundle is to give a vector space on each point of M, varying smoothly.

Definition 8.1. A (smooth) vector bundle E of rank r on a manifold M consists of a smooth
manifold ¥ and a smooth map 7: E — M such that

1. forallpe M, E, = 7~ 1(p) is an r-dimensional real vector space;

2. for all p € M there exists an open neighborhood U and a diffeomorphism ty: E|,;, — U x R"
(where E|; =7~ (U)) such that
a) tulg, : Eq — {¢} x R™ is a linear isomorphism and
b) The diagram
Ely, —~U xR
N
vu

7|

commutes.

E is called the total space, M the base space, E, is the fiber of E over p and ty is a trivialization of
E over U. If r =1, then E is called a line bundle.

Example 8.2. The tangent bundle TM is a vector bundle: Given a coordinate chart z!,..., 2", then
are a basis for T, M. Set

9 0

dxllgr ) Bz g
ty: TM|, =TU - U xR", vy = (g, (@', ..., a")),

where v, =al %’q +--a” % g € T,M.

Ezxample 8.3. E = M ® R" is called the trivial bundle.

Suppose that t;; and ty are trivializations of £ and consider

troty : (UNV)xR" — (UNV)xR", (p,w) — (p,w’).

The map w + w' is a linear isomorphism, i.e. ty oty (p, w) = (p, prv(p)(w)) with ppy: UNV —
GL,(R). The map ¢yy is called the transition function.
Remark 8.4. ty o t‘_/l is smooth if and only if ¢y is smooth.

Observe:
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L pyp =1 (as ty oty =id);
2. puv = pyp (as (ty oty!) L=ty oty
3. puvevw = puw (as tuty tyty, = tuty).
Conditions 1-3 are called the cocycle condition. Given an open cover {U,} and functions {¢ag: Uas N

Us — GL,(R)}, call {pag} a cocycle if oo =1, pap = @Eal and YagPsy = Pay-

8.1 Vector bundle constructions

Proposition 8.5. Suppose for every point p € M we have a vector space E, of dimension r. Set
E=1],em Ep and ¢: E — M sending v, € E}, to p. Suppose further that {Uy} is an open cover by
charts and that for all o we have a bijective map ty,, : E|UQ — Uy X R” such that

1. The diagram

tu,

Ely,

|
Uq Ua

commautes;
2. ty,: Eq 2 {q} xR"™ for all g € Uy; and

3. tUutl}; (p,v) = (P, Pap(P)v) with @z smooth.

Then there exists a unique manifold structure on E making it into a vector bundle over M with a
cocycle {ap}-

Proof. Suppose our charts are (z4,U,). Charts on E are given by

Ely 25 Uy x RT 225 0, (Uy) x R 2 R

Exercise: The transition functions are smooth. The induced topology is Hausdorff and second
countable. O

Ezample 8.6. Let E and F' be vector bundles on M. Define EGF as follows: Set EGF = [[,¢cp Ep®F).
We can choose an open cover of M by U, such that there are trivialization ¢y, and sy, of E and
F. Consider E® F|; — U, X R given by these functions. One can check that if E has

transition functions ¢.g and F has transition functions &, then E @ F' has transition functions
0

Vap ®&ap = (q’gﬁ fas ), which is smooth.
Example 8.7. Let M = RP". Define a line bundle L on M by
Ly, = line in R™! through v = {Av: A € R}.

L is called the Hopf line bundle or the tautological bundle. Tt is indeed a vector bundle:

L=T]Ly-

[vV]eRP™
Consider the charts U; = {v; # 0} C RP", U; 2 R", and set

tu;r Lly, — Ui xR, AMvo, - yvn) = (Jug oo s opl, Avg)
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This is linear on Ly, so gives a trivialization. We have
toty, s (UinUp) xR — (U;NnUp) xR, (W], ) = (I, =),

So pu,u; = ;’7 € GL,(R) = R* is smooth.

Ezample 8.8 (Dual bundle). Suppose E'— M is a vector bundle of rank r and set E* =[],cp E,-
To make E* into a bundle, take a trivialization ty: E|, — U x R", say ty(vy) = (p, Fp(vp)) with
F,: E, — R" linear. Then (F, )" : EX — (R")" 2 R". So consider

ty: B'ly = UXR",  acB— (p(F") ().
If E has smooth transition functions ¢y : U NV — GL,, then E* has transition functions ((pa%,)T,
which are also smooth. So E* is a vector bundle, called the dual of E.

Definition 8.9. The cotangent bundle to M is T*M = (TM)".

Remark 8.10. Say we have coordinates x',...,2" on U. There are maps

U—-TM -| .
- |U7 pH@x’p

There are also maps ‘
U— T"M|,, p+—>dxz}p.

Both of them are smooth (exercise). Recall: {dz'} are dual to {2}, i.e. dxi}p (%‘p) = ;.

Definition 8.11. Given a bundle E 55 M, a section over U C, M is a smooth map s: U — FE
such that m o s = idy. The space of sections of E over U is denoted C*°(U, E) or I'(U, E) and is a
C*°(M)-module.

Ezample 8.12. C*°(M,TM) = Vect(M) and C*°(M, M x R) = C>°(M).
Definition 8.13. Q'(M) = C>°(M,T*M) are the 1-forms of M.
Remark 8.14. Observe the pairing

Q' (M) x Vect(M) — C=(M), (w0, X)— (pr— wp(Xp))-

If f € C®(M), then Df|,: T,M — R is an element of Ty M. So we get df € Q'(M), defined by
df], (Xp) = X(f)|,- In coordinates this is df = 2L da.

Definition 8.15. Let ¢: E — M and 7’: E' — M’ be vector bundles. A bundle map from E to E’
consists of a pair (F, f), where f: M — M’ and F: E — FE’ are smooth such that

1. The diagram
E-S

- L

M — M’

comimutes.

2. F: E,— E}(p) is linear for all p € M.
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Example 8.16. If f: M — M’ is smooth, then Df: TM — TM' forms a bundle map.

Definition 8.17. Given E — M and E’ — M, a bundle map over M is a bundle map (F,idps). A
bundle isomorphism is a bundle map with an inverse that is also a bundle map.

Remark 8.18. Given a bundle map F: E — E’ over M and U C, M we get an induced map
a: C*(M,E) — C>*(M,E'), s+— Fos,
i.e. a(s)(p) = F(s(p)). The map « is C°(U)-linear: For g € C*°(U) we have
a(gs)(p) = F((g5)(p)) = F(g(p)s(p)) = 9(p)F(s(p));
ie. a(gs) = ga(s).

Proposition 8.19. Suppose that a: C°(M,E) — C*(M,E’) is C>(M)-linear. Then there exists
a unique bundle map (over M) F: E — E’ such that a(s) = F o s.

Proof. Example sheet. 0

9 Tensors and exterior algebra

Definition 9.1. Let V and W be vector spaces. The tensor product of V- and W is a vector space
V ® W and a bilinear map 7: V. x W — V ® W such that if a: V x W — U is a bilinear map to
some vector space U, then there exists a unique linear map &: V ® W — U making the diagram

VxW—2 U

IS //3@
VoW

commute.

*

Assume that the spaces are finite dimensional. For U = R the diagram says that (V @ W)
Bilinear(V x W,R). Thus we can set V ® W = Bilinear(V x W,R)*, which shows existence of the
tensor product.

For v € V and w € W we write v ® w for w(v,w). Note that 7 is in general not surjective!

Proposition 9.2. The tensor product is functorial, i.e. if f: V — V' and g: W — W' are linear,
then there exists a unique linear map f @ g: VW — V' @ W' such that

Vxw 2Ly w

J f®g

VoW — V' oW

commutes. The following isomorphisms hold and are natural, i.e. compatible with the diagram above:
LVOIWEWRV;
2VeUeW)2(VeU)eW;

3 (VeWw) 2V oW+,
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Lemma 9.3. If {vy,...,v,} and {w,...,wy} are bases for V and W, then
{viow;:i=1,...,n,j=1,...,m}

s a basis for V@ W.

Remark 9.4. Given w € V* @ W*, say w =}, - a; ® 3j, we can think of w as a bilinear map
w: VxW =R, w(v,w):Zai(v)ﬁj(w).
4,J

Remark 9.5. Using the vector bundle construction, if £ — M and F — M are vector bundles, we
have a bundle E @ F whose fibers are (E® F'), = E, ® F,, (exercise).

Definition 9.6. Set T*DM = (TM)®* @ (T*M)®'. The elements of THD(U) = ¢ (U, T*DU)
are called mized tensors.

Ezample 9.7. T1O(U) = Vect(U) and 7OD(U) = QY(U).

Remark 9.8. Given coordinates z',...,2" on U and w € ’T(’“’l)(U)7 we can write

N 0 . )
w=y apk Q- ® ®dr’t @ ®dz”

J1se5d1 Orit Orix

with aﬁ;’; € C*°(U). There is a change of coordinates formula similar to that for % and dz’.
Remark 9.9. V@ W* 2 Hom(W,V) via ¢: V@ W* — Hom(W, V) given by ¢(v ® a)(w) = a(w)v
and linear extension.
Remark 9.10. Say w € V@ W @ W* ® U. Then we can form the contraction of w, C(w) € V@ U by
Clrew®a®u)=alw)v®u and linear extension.
Ezample 9.11. Let w € T®Y(U) be written in local coordinates as above. Then we can form the
a-b-contraction

Yy IR ) . — : (0
Cl?(w)zzaj< T8 8 ®--® ® da’ ®---®dm3b®-~-®dm‘”>~dx]b<axia).

ox Oxta Ox'r
—_————
=5

ia,Jp
Definition 9.12. Set T(V) = @jzo VE* (with V®° = R). The maps
Yok x ol _, y8k+l), (v1,v2) — v1 @ vy

make T(V) into an algebra, called the tensor algebra of V.

Definition 9.13. Let I be the two-sided ideal of T(V') generated by elements v ® v, v € V. The
exterior algebra of V is AV =T (V)/I. Let m: T(V) — AV be the projection. Then A"V = 7(V®")
is the r-th exterior power of V.

Notation. The multiplication on T(V') gives a multiplication on AV, denoted A.

Remark 9.14. For vi,v2 € Vi v1 Ave = —v3 A .

The idea is to consider A"V* as the space Alt" (V) of alternating forms V x --- x V — R. Say
ar A+ ANa,. € A"V* for a; € V*. Then

(a1 A ANag)(v1, ..oy 00) = Z e(m)agry(v1) - ey (vr),
TES,

where () is the sign of the permutation 7.
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Lemma 9.15.

1. Ifa € APV, B € ATV, then a A B = (-1)""B A a.

2. dim A’V =1; A'V =V, dim A"V =1, where n = dim V.

3. Ifv1,...,v, is a basis for V., then B ={v;;, A+ Av;, i1 < -+ <.} is a basis for A"V
Proof.

1. If v € V, then v Av = 0, so for v1,v9 € V: 0 = (v; +v2) A (v1 + v2) = v1 Avg + v Avg. So
v1 A vy = —vy A V1.

Hence swapping two adjacent elements in v; A --- A v, changes the sign. Thus
VIA-Avp Awr A= Awg = (—=1)Pwi A Awg Avi A=+~ Aoy

and clearly any element o € APV (resp. § € A?V) is a linear sum of vectors of the form
Vi A Ay (Tesp. wi A Awg).

2. AV =q(VE) =R, AV =x(V) = V.

Let vq1,...,v, be a basis of V. Then A™V is clearly spanned by v A --- A vy, so dimA™V < 1.
As the determinant is a nontrivial element of Alt"(V'), we have dim A"V > 1.

3. Clearly B spans A"V. To show linear independence, suppose Y ; ajvr = 0 (where I runs over
all (iy < --- <) and vy =v;; A---Av;.). Fix I’ and consider J = I'°. Then

0= (Zaﬂ)[> /\’UJZZCL[U]/\’UJZ:I:&]/.
I I

So aj» = 0, proving linear independence.
O
Remark 9.16. Given a linear map f: V — W, we get a map f: T(V) — T(W), which descends to
give a map A"V — A"W, called A" f or just f. It is given by

A f(oy Ao Avp) = flor) A+ A fo)
and linear extension.
Lemma 9.17. If dimV = dim W = n, then A™f is multiplication by det f, i.e. if v1,...,v, S a
basis for V and wy, ..., w, one for W, then

flog A Awy) =det(Hlwg A+ Awy,.

Proof. Say f(vi) =3 Ajiw;. Then

fwi) Ao A flon) = (ZAjle> JARERNAN (ZAjnwj)

= Z Ar1)1Wr1) A Ar(n)ynWr(n)
TESy

= Z 8(7T)A.,r(1)1 e A‘n’(n)n w1 N N\ Wy
TESy

—det(f)
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Remark 9.18. Given a vector bundle E — M, we have vector bundles A" E such that (A"E), = A"E,
for all p € M.

Definition 9.19. The bundle of p-forms on M is APT*M. A section w € C*°(M,APT*M) is called
a p-form on M. QP(U) = C=(U, APT*M) is the space of p-forms on U.

Remark 9.20. Q°(U) = C*°(U), QY (U) = C>(U, T*M).

If we have coordinates x',... 2" on U, then w € QP(U) can be written uniquely as

w= Zaih“_,“dajil A Adzir

for a;, .. ;, in C=(U).

Definition 9.21. Let f: M — N be a smooth map. The pullback map f*: QP(N) — QP(M) is
given by

for x € M, w € QP(N).

Ezxample 9.22. f*w is smooth.
Remark 9.23. For x € M:

Df|m . TxM — Tf(w)N
AP(Df],)": APT}“($)N — APTIM
Proposition 9.24.
L f* (w1 +w2) = f*(w1) + f*(w2);
2. fr(wr Awz) = f*(w1) A f*(w2);
3. (gof)r=["og".
Proof. not given O

10 Differential forms

Remark 10.1. If w € Q4(U) and z?,...,2" are coordinates on U, then

w = Zail,_“ﬂ‘qdmil A Adxia, i, ....i; € C(U).

1< <ig

dz'tk
oyJ

o™ Ox'a . )
= . . e J - J
w = E E iy ... ig Dy By dy’* Ao ANdyle.

11<+<ig 1<g1,-,9q <N

If y',...,y™ are another set of coordinates on U, then dx’* = Z?:l dy?, so

Remark 10.2. If f € C>(M) = Q°(M), then df € Q'(M). Locally: df = 2hdat + -+ + 2Ldz™.

Theorem 10.3. There exist unique natural linear maps
d: QI(M) — QT (M)

(q > 0), called the exterior derivative, such that
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1. if f € QO°(M), then df is the derivative of f as defined previously;
2. d*>=0;
3. if a e (M) and 8 € QI(M), then d(a A ) =da A B+ (—1)Pa AdS.

Proof. Say w = Zi1<,_<iq ail,“_’iqdajil A -+ Adzte locally. Set

dw = Zda“’ Ligdz™ A dz'e = Z Z “’ ’Z" dz? Ndz™ A - Adxte.

i< <lg i1 < <ig j=1
Then
..... ’Lq J 7 7 —
= > Zaaakd Adz® Ada A Ada't =0

1< <1q =1
as the partial derivatives commute. Further suppose a = fdz!, 3 = gdx”’ for some multiindices I, J
with |I| = p, |[J| = ¢. Then
d(a A B) = d(fgda’ A da”) = d(fg) Ada’ A da?
= gdf Ndx" Adx? + fd(g) Ada! Ada! = da A B+ (=1)Pa A dp.

So linearity gives 3.
For uniqueness and well-defined: Say w = Zi1<~~<z‘q bi17,,,7iqdyi1 A -+ A dy'e for another set of

coordinates. Set dw = D i<y dbi,,....i,dy"™ A - Ady's. Then

i d(dy™ A Ady't) = dw. O

EESEISY =0 by 2 and 3

do 23 b,y dy™ Ao Nyt 4 by,

..........

Definition 10.4. Let w € Q¢(M) and let X € Vect(M) with flow ;. The Lie derivative of w is

d
L _ *
XWw di o Y w

Here p;: M — M and hence ¢f: Q4(M) — QI(M).
Proposition 10.5.
1. Lx (w1 +wz) = Lxwi + Lxws;
x(fw) = X(flw+ fLx(w);
3. Lx(w(Y)) = (Lxw)(Y) +w(LxY) for w € QY (M) and Y € Vect(M).

Proof. exercise. 0

11 De Rham cohomology

Definition 11.1. The g-th de Rham cohomology group of M is

ker(d: Q4 — Qat!
er( — ) ¢>0.

q —
HanM) = 5 d a7 = ) -

Remarks 11.2.
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1. Hip(M) is an R-vector space.

2. Hp(M) = ker(d: C>*(M) — Q'(M)) is the space of locally constant functions. If M is
connected, then HJp(M) = R.

3. If dae = 0, the « is called closed.
4. If o = df3, the « is called ezact.

5. If [o] € HY(M) and [3] € Hi(M), define [o] - [3] = [a A B] € H5%(M). (This is well-defined,
since d(a A B) =da A B+ (—1)PandB=0and (o +da') AB=aAB+da Ap) by adding
(—=1)P~ta' AdB =0.)

6. Functoriality: Suppose F: M — N is smooth. Then d o F* = F* od, so if da = 0, then
dF*a = 0. Hence we can define

F*: Hip(N) = Hip(M), o]~ [F*a].

Theorem 11.3 (de Rham). There exists a natural isomorphism Hip(M) = HZ,  (M).

sing
Proof. sketch later. O
Definition 11.4. Let F' and G be smooth maps M — N. Then F' and G are smoothly homotopic

if there is a smooth map H: M x [0,1] — N such that Hy = F and H; = G (where we write
Hy(x) = H(z,1)).

Theorem 11.5. If F and G are smoothly homotopic, then F* = G*: Hip(N) — Hip(M) for all
q=0.

Proof. Let w € QP(N) with dw = 0. Consider H*w on M x [0,1]. We can write
H*w=o0+dt A,

where ¢ is the coordinate on [0,1], o = o(t) € QP(M) and v € QP~1(M).
We will first show that o(t) = Hfw: Fix t( and consider the embedding ¢: M x {to} — M x [0, 1].
Then
Hiw=(Hou)'w=1""Hw=1"(c+dtNy)=1"0+"dt \"y

—di* t=dto=0
As dw =0,
. . 0o
0= H"dw = dH"w = dyrxjo,1)(0 +dt Ny) = dpro + Edt —dt N\ dr.
Hence = dy and
1
G'w— F'w=Hfw— Hjw=0(1 / —dt / drydt = / ~vdt =: da.
0
Therefore [F*w] = [G*w], i.e. F* = G*. O

Ezample 11.6. Consider M = N = R" and Hy(z) = tz, i.e. H; = id and Hy = 0. Then Hf =
H}: Hp(R") — HY,(R™). But for p > 0, Hj =0 and Hf = id. Hence HY,(R™) =0 for p > 0.

Corollary 11.7 (Poincaré Lemma). If M is a star-shaped domain, then HY (M) =0 for all p > 0,
i.e. if o € QP(M) with da = 0, then there is a 3 € QP~1(M) with o = d.

25



12 Integration

Definition 12.1. An orientation on a manifold M is an equivalence class of charts (U,, z4) such
that J(zazz") > 0 for all a, 8. A manifold M is orientable if an orientation exists. An oriented
manifold is a manifold with a chosen orientation.

Ezample 12.2. R™ and S™ are orientable. Note that
R® - R": (21,...,2pn) — (Z1,...,24)

R™ - R": (1,...,&5) — (T1,...,—Ty)

give two orientations on R™.
The Mobius band is not orientable.

Definition 12.3. Let w be a section of A"T*M (not necessarily smooth) and M oriented. If supp(w)
is compact and contained in some chart U, w = fdax! A ... A dx™ (f not necessarily smooth), define

/w: f(@1, @) dy - - day,
U z(U)
if the latter is defined.

(This is well-defined as supp f(x1,...,x,) is compact and so the change of variable formula for [
can be used and works because of the fixed orientation.)

Definition 12.4. Let {U,} be an open cover of M. A collection of ¢; € C°°(M) is called a partition
of unity (p.o.u.) subordinate to {U,} if

1. For all 4 there exists a(i) such that supp¢; C Uq(s);
2. the supp ¢; are locally finite, i.e. for all p € M, ¢;(p) = 0 for all but finitely many j; and
3. > ;i =1 and each ¢; > 0.

Theorem 12.5. Partitions of unity exist.

Proof. Handout (only examinable if M is compact). O

Definition 12.6. Let w be an n-form on M (dim M = n, w not necessarily smooth). Cover M by
charts (U, ) and pick a subordinate partition of unity such that each ¢; has compact support. Define:

o= [

3
Ua(s)

Theorem 12.7 (Stokes). If M is compact and o € Q" 1(M), then

/dazO.
M

Proof. See the more general version below. O

Proposition 12.8. A manifold M is orientable of and only if there exists w € Q" (M) with w, # 0
forallpe M.
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Proof. First suppose that M is orientable. Given any chart (U, x) consider wyy = daz! A -+ A dz™ on
U. If y',...,y" is another chart of the same orientation, then wy = fdy' A--- A dy™ with f positive.
Cover M by oriented charts (Ug, zg) and choose a partition of unity ¢; subordinate to this cover. Set

W= § Sﬁina(i)’
%

which is positive everywhere.

Conversely let w € Q™(M) be nowhere vanishing. For a connected chart (U,z) we have w =
fdx* A --- Adz™ on U with f nowhere vanishing. Thus f > 0 or f < 0. In the first case, take
(U, (x,...,2™)) as an oriented charts, otherwise take (U, (z*,..., 2"t —2m)). O

Corollary 12.9. If M is compact and orientable, then HJp(M) # 0.

Proof. Let w € Q"(M) be nowhere vanishing. Without loss of generality w > 0. Clearly dw = 0. If

w = dr, then
0</w:/d7:0
M

by Stokes’ theorem. This is absurd. Hence [w] # 0 in H}5(M). O

Definition 12.10. Let H* = {(x1,...,2,) € R" : x, > 0}. A chart-with-boundary on M is a
bijection z: U — V C Ht, U C M, V C Ht open. Two charts are compatible if 2 o y~! is smooth.
A differentiable structure is an equivalence class as before. This gives a manifold-with-boundary. Set

OM = {p € M : z,(p) = 0 for some chart (z',...,2") around p}.

Ezample 12.11. M = B;(0) CR", M = S"~ 1.

Fact 12.12. If M is a manifold-with-boundary of dimension n, then OM is a manifold of dimension
n—1 and M° = M\ OM is a manifold of dimension n.

Definition 12.13. Suppose M is oriented, with the orientation given by some nowhere vanishing
w € Q*(M). Then we get the induced orientation on OM as follows: Say z',..., 2™ is a chart such
that OM = {2" = 0}. If w = fdx' A--- Ada™, we set —fdx' A--- Adz™ ! to be the (n — 1)-form on
OM defining the induced orientation.

Example 12.14. Open cylinder: OM = S 11 S*:

Theorem 12.15 (Stokes’). If 7 € Q"~Y(M), then

/dTZ/T.
M oM

Sketch of proof. By linearity we may assume that supp(7) is in some single chart and has compact
support. So this reduces to Stokes’ theorem in R™. O
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Facts 12.16.

1 [yw=[y.w

2. Suppose M = U UV UA, where U and V are open submanifolds with UNV = ( and A has
measure 0 in M. Then

A A[w:U/wv/w.

3. If M C R™ is a closed subset that is a manifold-with-boundary, w € Q"(R™), w = fdx1A---Adx,,

then
/w:/fdx1~~dzn,
M

M

where the second integral denotes the usual integral for subsets of R™.

13 Connections

13.1 Connections as derivations
Let E be a vector bundle on M. Set QP(E) = C>*°(M,APT*M ® E), the E-valued p-forms.

Definition 13.1. A connection on E is a linear map V: Q°(E) — Q!(E) such that for all f € C>°(M)
and all s € Q°(E) = C=(E),
V(fs)=df ® s+ fVs.

This gives a way to differentiate sections of E along vector fields: For X € Vect(M) set
Vx(s) =(Vs, X) =C(Vs® X),

where the contraction is between the 1-form part of Vs and the vector field. So Vx(fs) = (df ®
$,X) + (fVs, X) and hence we have
Vx(fs)=X(f)s+ fVxs
Vgx(s) = gVx(s)
VX1+X2 (5) = les + VX2$'
Ezxample 13.2. Consider U C, R™ and E = U x R™. Define sections si,...,8, by s;(z) =

(z,(0,...,1,...,0)) and define V by requiring Vs, = 0 for all i. For any section s € C*°(E)
write s = > a;s; uniquely for some a; € C*°(M). Then

Vs = da; ® s; +a;Vs; .
> ¥
If X € Vect(U), then Vx(s) = Y X(ai)s;. Wewrite s = (a1,...,a,) and Vx(s) = (X(a1),..., X (am)).
Ezercise 13.3. Show that every vector bundle admits at least one connection.
Lemma 13.4. IfV; and Vy are connections on E, then V1—Vq € QY (M, EQ E*) = Q' (Hom(E, E)).

Proof. For any s € C*°(F) and g € C*>°(M):
(V1 —=V2)(gs) = Vi(gs) — Va(gs) =dg® s+ gVis —dg®@ s — gVas = g(V1 — Va)s.

So Vi —Va: C®(E) —» C*(T*M ® E) is C*°(M)-linear. Hence it is induced by a bundle map
E —T*M ® E, i.e. given by an element of Q'(M, E ® E*). O
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Remark 13.5. Given a connection V on F, we get an induced map
dy: QF(E) — QPTY(E), dy(w®s)=dw® s+ (—1)Pw A Vs
for w € QP(M) and s € C*°(FE), called the covariant derivative. One checks that for ¢ € QI(E),

dv(wA ) =dw A+ (—1)Pw A dv(.

13.2 Coordinate description of connections

Definition 13.6. Sections s1,...,s,, € QU(U, E) are a frame for E if for all p € U, s1(p), ..., Sm(p)
is a basis of I,.

Suppose we have a frames e1, ..., en, for £ and wl, ..., w! for APT*M on U. Given s € QP(E), we
can write s = ), . fjw’ @ e; with f; € C*(U).

FExercise 13.7. The quantities o’ = Y f;wj are independent of the chosen frame.

Hence we can write s = 3, 0 ® e; with o € QP(U), e; € Q°(U, E) on U.

Definition 13.8. Given a connection V, write de; = >, ﬂgei for some 193. € QY(U). The matrix
¥ = (19;)” of 1-forms is called the connection matriz of V with respect to the frame eq,...,e,,.

Lemma 13.9. Let s € Q°(U,E), s = 3, s'e;. Writes= (s',...,s™)7, ds = (ds',...,ds™)T and
e=(e1,...,em)’. Then
Vs = (ds+s) - e.

Proof.
Vs = Z V(s'e;) (linearity)

= Z <dsi Qe+ s Zﬁgq)
i J

= Z <dsj + Zsiﬁg) X e
J 7

O

Proposition 13.10. Suppose that ey, ..., e, and e}, ... e are frames of E over U. Let V be a

rm
connection that has corresponding connection matrices ¢ and ¢'. Let ¢: U — GL,,,(R) such that

e’ =e. Then
V= (dy)yt + gt

Proof.

Ve' = V(ye) = (dip)e + Ve
= (dip)e + ¢ (Ve)
= (dip)p~ e + e
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Remarks 13.11.

1. If V=d+ 9, then dy: QP (U, E) — QPT1(U, E) can also be written as dy = d + 9, i.e. dys =
ds+ 9 Asfor s € QP(U, E).

2. For a given frame ey,...,e,, for E over U and coordinates z',...,z" on U, we can write
=3 F;kd:tk for some T, € C>*(U) (1 <k <n, 1 <4, <m) called Christoffel symbols of

13.3 Connections and parallel transport

Definition 13.12. A smooth function s: [0,1] — E is a section of E along a curve c: [0,1] — M, if
5(t) € E) for all t. The space of all sections along c is denoted C*(c, E).

If s € Q°(E), then 5(t) = s(c(t)) is a section along c. We will also write s(t) for this section. Note
that not all elements of C*°(c, E) look like this.

Ezample 13.13. ¢(t) € C*°(c, TM), but if ¢ has a node, then this cannot be the restriction of any
s € QY TM).
Proposition 13.14. There exists a unique covariant derivative map

D
7 :C®(c, E) — C*®(c, E),
depending on ¢, such that
1. % is linear;
2. if f:[0,1] — R is smooth and s € C*(c, E), then £(fs) = %s—l— fos
3. if s € Q°(E), then 2 (s(t)) = Veus.

Proof. Work locally, say with a frame eq,...,e,, of E and coordinates x' ,x" on U. If s €
C>(c, E), we can write s = " s(t) €il.(4) for some st e C*([0,1]). Assumlng that
calculate

I €xists, we

%s L ;Z‘ (Si(t) ei\c(t))
Z Z (% €ilor) + Si%(ei ° C))
_Z( eil, t)+SVc(t) €il. t))
Let ¢ = (c',...,¢"). Then ¢ =3"; ¢ %‘c(t) So,

t)62| e(t) ZCJ V 6 6z

k
i o(t) ek'c(t) :

Hence
D ds ;
%(s) = ; (dt + 2 s CJ( c)) eklece) (4)

determines % uniquely. O
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Definition 13.15. We say s € C*(c, E) is parallel, if % =0 for all ¢t € [0, 1].

By , this condition is a system of linear ODEs for s. So if v € E.(0) is an initial condition, the
theory of ODEs says that there is a unique solution s € C*°(c, E) with £2 = 0 and s(0) = v. This s
is called the parallel transport of v along c.

If we set a = ¢(0) and b = ¢(1), we have linear isomorphisms
P;,b: Ea — Eb7 Pg’b(v) = 8(1)7

where s € C*(c, E) is a parallel transport of v.
Given P7y, we can recover V:

Proposition 13.16. Let c¢: (—e,e) — M with ¢(0) = p, ¢00) = v € T,M and write P, =

P;’C(t): E, = Ecy. Then, for s € O%R),
P (s - s
oo — i P ) = 5
t—0
Proof. Let eq,..., e, be a basis for E,. Define ¢;(t) = P,(e;) Since P, is an isomorphism for all
t, €1,...,6n are a frame along c (called a parallel frame). Given s, we write s = 3 s*(t)e;(t) and
calculate

P (sl) = sl S (SO @) — (0)(0))
t t

si(t) —s'(0) =0 ¥
= Z ; €; Zs (0)e; = Vs = Vys. O

g g

13.4 Horizontal splitting

See notes.

14 Curvature

Definition 14.1. The curvature of a connection V is the map
R =dyody: Q(E) — Q*E).

Lemma 14.2. R is C*(M)-linear.

Proof. Let f € C*(M), s € QU(E).

R(fs) = dvdv(fs) = dv (df @ s + fdys) = ﬁ@s —df ®dys+df @ dys+ fdydys = fR(s).
=0

O

Remark 14.3. So R induces a bundle morphism E — E ® A?T*M, and thus a section
ReQUE*® E® AN*T*M) = Q*(E® E*) = Q*(End(E)).

We can write this as R(s) = R A s € Q*(E), where we contract the endomorphism part with s.
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Remark 14.4. In coordinates: Let eq,...,e,, be a frame for F¥ over U and let V have connection
matrix ¢ = (9%); ; (95 € Q'(U)) defined by Ve; = 3=, ¥%e;. Then the curvature matriz © of V with
respect to this frame is defined by

Rie) =Y O/®e;, O Q*(M).

Lemma 14.5. © = d¥ + 9 A 9.

Proof.

R(e;) = dydy(e;) = dy (Z 0 ® ei>

= (A0 @ e; — 0% Ady(ei))

=> (dﬂ;l@ej —19;Azq9§®ek>
i k

:Z<dﬁf—20§/\ﬁf>®ek. O
k i

Proposition 14.6 (Bianchi identity). d® = © AY —J A O.

Proof.

— — g2 _
d@_d(dﬁ+19A19)_d_;9+d19/\19 9 A d
—(O—IANAI—DIA(O—DAD)=OAD—DAO. m

Definition 14.7. For X,Y € Vect(M), define
R(X,Y): QE) — Q°E), s—C(R() X RY),
where the 2-form part of R(s) is contracted with X and Y.
Lemma 14.8. R(X,Y) =VxVy = VyVx — Vixy].
Proof. We will show that given a € Q!(E),
(dva)(X,Y) = Vx(aY)) = Vy(a(X)) — o([X,Y]).
Then with a = dy(s) (thus a(Y) = Vy(s)):
R(X,Y)(s) = dvdv (s)(X,Y) = dv(a)(X,Y) = VxVys — VyVxs — Vix y}s.
For the claim, we may assume by linearity that o = w ® s with w € Q1(M), s € Q°(E). Then
dv(a)(X,Y) =dy(w®s)(X,Y) = (dw®s—wAVs)(X,Y) =dw(X,Y)®s—w(X)Vys+w(Y)Vxs.
On example sheet 2: dw(X,Y) = Xw(Y) — Yw(X) —w([X,Y]). Thus

dy(a)(X,Y) = X(w(Y))s — YV(w(X))s — w([X,Y])s — w(X)Vys +w(Y)Vxs.
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Also

=Vxw(Y)s)+ (V(w(Y)s), X)
=[dw}))®s+w(¥)Vs, X)
=X(w(Y))s+w()Vxs
Vy(a(X)) =Y (w(X))s+ w(X)Vys
a([X,Y]) = w([X,Y])s. O

Example 14.9. Let M = U, E = U xR™ with frame eq, ..., €,,. Define a connection on E by requiring
Ve; =0 foralli. Soifs=73"; sle; € QV(E), then Vs = > ds? @ e;. Further, if X € Vect(M), then
Vx(s) =Y ; X(s7)e;. So clearly (VxVy — VyVx — Vixy])(s) = 0.

Hence we can interpret R as a measure to which extent a vector bundle FE is trivial.

Remark 14.10. Let eq,...,e,, and €], ..., e} be frames on U with connection and curvature matrixes

¥, © and ¥, ©'. Let e = e for some 1): U — GL,,. Then ¢ = (d¢p)yp~1 +¢yp~1 and
R'(¢') = R(ve) = YR(e) = (O @ e) = Oy~ "¢,

Thus
0 =yOy1t.

In particular, tr(0) € Q2(E) is independent of the chosen frame.
Facts 14.11.
1. dtr(©) = 0. Set ¢; = [tr(©)] € Hiz(M).

2. ¢1 is independent of V.

15 Linear connections

Definition 15.1. A connection on T'M is called a linear connection or a Koszul connection or a
connection on M.

Remark 15.2. Thus a linear connection is a map Vect(M) x Vect(M) — Vect(M) sending (X,Y) to
VxY. Remember that we have V;x(Y) = fVx(Y) and Vx(fY) = X(f)Y + fVy X.

Definition 15.3. A Riemannian metric on M is a g € C°(T*M ® T* M) such that
1. Symmetry: g(X,,Y,) = g(Y,, X,) for all X,,,Y, € T,M.
2. Non-degeneracy: If g(X,,Y,) = 0 for all X,,, then Y, = 0.
3. Positive definite: g(X,,X,) > 0 for all X,.

Write (X,Y) = g(X,Y). Given X, € T,M, set | X,| = (X,, X,)%. Given c: [0,1] — M, set
1
length(c) = / le(t)|dt.
0
Given a,b € M, set
d(a,b) = inf{length(c) : ¢: [0,1] — M with ¢(0) = a, ¢(1) = b}.

Ezercise 15.4. If M is connected, d gives a metric.
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We want to show how ¢ gives rise to a unique connection on M with nice properties.
Example 15.5. Let M = R™ with global coordinates z',...,2". Then TM = R" x R" with global
frame 811 yoo 5o+ Define a Riemannian metric by g(X, Y) 3, XYY where X = ZXz By

Y=3% yi 2 BT+ We also have a linear connection given by Va ; =0foralls,ie VxY =5 X(Yl) BT
We observe

Vx({Y,Z)=(VxY,Z)+ (Y, VxZ) for all X, Y, Z,
where we set Vx(f) = X(f).
Definition 15.6. A linear connection is compatible with a Riemannian metric g, if
Vx (Y, Z)=(VxY,Z)+(Y,VxZ) for all X,Y,Z € Vect(M).
Remark 15.7. Observe on R™: VxY — Vy X = [X,Y].
Definition 15.8. Given a linear connection V on M, set the torsion of V to be
7(X,Y)=VxY -VyX - [X,Y]
Say V is symmetric (or torsion-free) if 7(X,Y) =0 for all X, Y € Vect(M).

Theorem 15.9 (Fundamental theorem of Riemannian geometry). Let M be a manifold with Rie-
mannian metric g. Then there exists a unique linear connection V that is symmetric and compatible
with g. It is called Levi-Civita connection.

Proof. First show uniqueness: Suppose V is symmetric and compatible with g:

X((Y, 2)) = (VxY, Z) + (Y, Vx Z)

=(VxY,Z)+ (Y, VzX)+(Y,[X,Z]) (5)
Y((Z,X)) = (Vy Z.X) + (Z.VxY) + (Z,]Y, X)) (6)
Z((X,2)) =(VzX, )+ (X, Vv Z)+ (X,[Z,Y]) (7)

+© - @:
X((Y,2) + Y ((Z.X)) = Z(X,Y)) = 2(VxY, Z) + (V. [X, Z]) + (Z,[Y. X]) — (X, [Z,Y]).

Rearranging:
(VxY,Z) = %(X(<Y, 2))+Y({(2,X)) - 2(X,Y)) =V, [X, Z]) = (£, [V, X]) + (X, [Z,Y])) . (8)

The right hand side is independent of V, hence it defines VxY uniquely in terms of the metric.
For existence use to define VxY and check that it is a linear connection with the desired
properties. (See handout.) O

Example 15.10. Suppose M is embedded into RY via ¢ such that D¢ preserves the metric, i.e.

(De(Xp), De(Yy))pn = (Xp, Y3), for all p e M and X,,,Y, € T,M.

Denote the standard connection on RY by V and set 7: T pRN — T, M to be the orthogonal projection
with respect to the metric on RV. Define V on M by

VxY =7(VgY),  X,Y € Vect(M), X,V € Vect(RY) extending X, Y.

Exercise: This gives a well-defined connection that is symmetric and compatible with g.
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Definition 15.11. Let E — M, E' — M be two vector bundles with connections V and V’
respectively. Get induced connections V

1. on E® E' by%(s@s’)zVs@s’—l—s@V's’;
2. on E® E' by V(s,s') = (Vs,V's');
3. on E*: for 0 € C®°(E*): V*(0)(s) =d(o(s)) —a(Vs), s € C®(E).

Ezxercise 15.12. Check that these definitions indeed give connections. For the connection on the dual
bundle:

V*(fo)(s) =d(fo(s)) — fo(Vs)
= (df)a(s) + fd(o(s)) — fo(Vs)
= (df)o(s) + fV*a(s) Vs € C°(E).

Thus V*(fo) =df @ 0 + fV*0.

So given a connection on TM, we get induced connections on 7D M = (TM)®* @ (T*M)®! with
the convention that the induced connection on TODM = M @ R is Vf = df, f € C®(M).

Remark 15.13. For X € Vect(M):
L Vx(f)=X(f)
2. Vx(FRG)=FQVxG+VxF®G, for Fe TFDM and G € T 1M,

3. d((0,Y)) = (Vo)(Y) + o(VY) for 0 € QI(M), Y € Vect(M);
X(o(Y)) = (Vx0)(¥) + o(VxY).

4. Vx(w,Y) = (Vxw,Y) + (w, VxY) for w € QP(M) and Y € T®O) M.

Proposition 15.14. Let g € C°(T*M @ T*M) be a metric on M and V a connection on M. The
following are equivalent:

1. 'V is compatible with g.
Vg =0.

Is V,W are vector fields along a curve c, then % (V,W) = <£V7 W> + <V7 %W>.

e

Suppose V., W are parallel along a curve ¢, Then (V,W) is constant along c. Equivalently |V|
18 constant along c.

5. Parallel transport is an isometry: Given c: [0,1] — M, ¢(0) = p, ¢(1) = q, then Pg : T,M —
T,M is an isometry of vector spaces.

Proof. The identity
(Vxg)(Y, Z2) = Vx(9(Y, 2)) = g(VxY, Z) —g(Y,Vx Z)
implies the equivalence of 1 and 2. For 1 to 3 apply 1 to ¢(¢):

d D D
71 (VW) = Ve (VW) = (VeV, W) + (V. VW) = <%V, W> + <V, %W> .

The implications 3 to 4 to 5 are obvious since parallel means %V = 0. The implication 5 to 1 is an
exercise. O
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16 Geodesics and the exponential map

Definition 16.1. A geodesic on M is a curve c: [0,1] — M such that V.)¢é(t) = 0 for all ¢ € [0, 1].
Equivalently ¢(t) is parallel along ¢; equivalently 2¢(t) = 0.

Proposition 16.2. Geodesics exist locally and are unique given initial conditions ¢(0), ¢(0).

Proof. Recall the dlscussmn of parallel transport, in particular formula (4]). In this case E = TM,
the frame is given by a - and s = ¢. So ¢ is a geodesic exactly if

> (Fox o );’

k

Hence we need to solve the system

"(t) = ¢t ()

") + 305 of (ol (t) T

«
o'

ety
for k=1,...,n. This is a system of ODEs and hence locally has a unique solution. O

Definition 16.3. Fix a point p € M. For v € T, M let v, be the unique geodesic through p with
45(0) = v. Define exp: S C TM — M by exp(v) = v,(1) for v € T, M, where S C TM is the set
where 7, (1) is defined.

Fact 16.4. From the theory of ODEs: S is open and exp is smooth. Clearly 0 € S.
Lemma 16.5. exp(tv) = v, ().

Proof. Fix t and set ¢(s) = v, (st). By the chain rule, ¢ is a geodesic with ¢(0) = t4,(0) = tv. So by
uniqueness of geodesics, exp(tv) = ¢(1) = 7, (¢). O

Proposition 16.6. Consider exp restricted to T,M and let S C T, M be its domain. Then exp is a
local diffeomorphism, i.e. there exist open neighborhoods U of 0 in S and U’ of p in M such that exp
18 an 1somorphism from U to U’.

Proof. By the inverse function theorem is suffices to prove that
Dexp: ToyT,M =2T,M — T,M

is an isomorphism. We will even show that Dexp = I. Fix v € T, M and consider the curve 7: t — tv
in T,M. It has 7(0) = v and

d d
Dexp(v) = — e t) = — exp(tv) = — t) =v. O
i) = G el t) = Gl ewt) = w0
Let eq,...,e, be an orthonormal basis of T, M. Let the “coordinatization” with respect to this

basis be «a, i.e.

R" — T,M

|

Up——U——"5UCM
\_/

1

Set z = a~'oexp~! on U’. This is a coordinate chart on U such that
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. . . . . . o ey _ ; a
2. geodesics through p are straight lines, i.e. the geodesic through p with initial vector v =3 v' 5%

is mapped to the curve 7, (t) = (vit,... , v"t);

3. If g= 3" gijda’ @ da?, then gij\p = 0ij;

Definition 16.7. such a chart z is called a system of normal coordinates (or geodesic coordinates)
on M centered at p.

With r = /3 (27)? define % = ’”7 a?c'i on U\ {p}.

Proposition 16.8. If |v| = 1, then 7,(t) = exp(vt) is a unit speed geodesic with ,(t) = %Ly(t).

Proof. As 7, is parallel, |,(t)| is independent of ¢ and |, (0)| = |v| = 1. By 2 above, ¥, (t) = 3 v azi’

Le. 4p(2?) = v7. Also Z(27) = %, SO
I

0 (2 t%ﬂ)l/2

as |v| = 1. O

2,

or

We want to study how geodesics change when the initial vector changes. For this we need study
variations. Fix a point p € M and a vector v € T,M. Consider a curve ¢ in T, M through v,
ie. o: (—¢,e) = TyM with 0(0) = v. Set

T'(s,t) = exp(to(s)).

This is the geodesic starting at o(s) at time ¢. We have I'(0,¢) = exp(tv) and I'(s,0) = p. Write
Ts(t) =T'(s,t) =T4(s) (the first is considered as a curve in ¢ with fixed s and the second as a curve
in s with fixed ¢). Define

d d
&gf = %FS and aSF = %Ft

Lemma 16.9. D0, = D,0,I', where Dy = % with respect to I's.
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Proof. Say T = (f(s,t),..., f"(s,t)) locally. Then

Ot 9zk’ 9s Ozk’

%[k oftofi 0
DAL =), (83(‘% T o0 95 ) Bar

Z?

Dtasr:2<32fk+ Waf%is) 0
k

5‘tl“:zafk 0 asrzzaf’“ 0
k k

otds £~ s Ot | oxk

2,]

So we have to show that Ffj = 1";“1 By definition, V _a_ (ai) =Y 'k 2 and by symmetry of V
o7

7 ij OxF
0 0 0 0
Voo (5m) ~ Ve (gm) = {3737} =
Thus Ffj = I‘fl O

Definition 16.10. Fix a point p and consider exp: T, M — M. Let Br(0) = {v € T,M : |v| < R}
and Sg(0) = {v € TpM : |V| = R}. A geodesic ball of radius R around p is exp(Br(0)) and a
geodesic sphere around of radius R around p is exp(Sg(0)).

Theorem 16.11 (Gauf’ lemma). Let U be a geodesic ball around p. Then % is orthogonal to
geodesic spheres in U \ {p} (here r is with respect to normal coordinates).

Proof. Fix ¢ # p in U and let v € T,M with ¢ = exp(v). Further let X € T,M be tangential to the
geodesic sphere through q. We have to show that X and %’q are orthogonal. The geodesic from p

to ¢ is given by (t) = exp(tv), t € [0, 1], which is radial. So #(t) is proportional to %. We will show

that 4(1) is orthogonal to X.

Pick w € T,M such that (Dexp): T,T,M = T,M — T,M has Dexp(w) = X. Pick a curve
o € T,M with ¢(0) = v, 6(0) = w and |o| = R (this is possible as [v| = R and exp(w) = X is
tangential to the geodesic sphere with radius R. Set

I'(s,t) = exp(to(s)), S=0I', T =0l.

Then
S(0,0) = 0 as To(s) = p:
so.1) =+ _explo(s)) = Dexp(a(0)) = Desp(u) = X:
T(0,0) = v as T(0, £) = 7(t);
T(0,1) = 4(1).

Trivially, S(0,0) is orthogonal to T'(0,0). We want to show that S(0,1) is orthogonal to T(0,1). Note
that D;0,I" = 0 since as 9;I" is parallel as I" is given by a geodesic for fixed s.
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d
S(S.T) = (DS, T) + (S, DiT)

= (D,d,T,T) + (S, D,;O,T)
(Dyd,T,T) = (DT, T)

1d 1 d 1d
=-— T f—tR 0
So (S, T) = constant = 0 and hence X is orthogonal to #(1). O
Theorem 16.12. Let x',..., 2" be normal coordinates centered at p on U C M. For any point

q € U, the radial geodesic from p to q is (up to reparametrization) the unique curve of shortest length
from p to q.

Proof. Let U = exp(Bgr(0)) and let v € T,M with ¢ = exp(v). Set ¢ = |v| < R. Then v(v) =
exp(tv) = (tvl,... tv") is the radial geodesic from p to q.

wmzlwmﬁ:a

Let 0:[0,1] — U with ¢(0) = p and o(1) = ¢. First, we want to show that l(c) > . Write

o t)% Z(t) with Z(t) tangent to the geodesic sphere through o(¢). By Gauf}’ lemma,
IU( WP = F(? +1Z@) = f(8)* as | £] = 1. Also Gr(o(t)) = 6(t)(r) = f(t) + Z(t)(r). So
T
/ lo()|dt > / ft)dt = /0 %r(a(t)) = r(a\(}l/)) - r(@) =ec.

Now, if l[(c) = €, we must have Z(t) =0, i.e. 5(t) = f(t)%. If we reparametrize o to have unit
speed, f(t) =1, then o is a radial geodesic. O

Definition 16.13. A curve 7 is locally minimizing if whenever p = 7(to) for some tg, there exists a
neighborhood U of p such that if ¢; = y(¢;) € U (i = 1,2), then ~ is the shortest path from ¢; to ga.

Theorem 16.14. A curve v is a geodesic if and only if it is locally minimizing.

Proof. handout (non-examinable). O

17 Curvature of Riemannian manifolds

Let M be a manifold, g a Riemannian metric and V a Levi-Civita connection. Recall that the
curvature is represented by a form R € Q?(End(T'M)). So for X,Y € Vect(M), we have R(X,Y) €
Q%End(TM)) given by R(X,Y) =VxVy — VyVx — Vix,y]. Given a third vector field Z, we set

R(X,Y)Z =VxVyZ -VyVxZ—Vxy|Z
This is a tensor of type (3,1):

R(X, fY)Z =V fVyZ — fVyVxZ — Vixpy Z =
X(f)VYZ + fVxVyvZ — fVyVxZ — fV[X7y]Z — X(f)VyZ = fR(X,Y)Z.
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Similarly it is C°°(M)-linear in the other variables. If 2',..., 2™ are coordinates,

, , P
R= E Réjkdx’ ® dr! @ dz* ® ] with
1,9kl

0 0 0 0
19 _ 0 0\ 0
zl:Rijk ox! R (&T“ 3:17j> oxk’

Definition 17.1. The Riemannian tensor is R (X,Y, Z,W) = (R(X,Y)Z, W) .

It can be written as

Ry, = Z Rijkldxi ®dr’ @ da* @ d$l7 Rijr = ZglmR?;k.
m

Lemma 17.2. The Riemannian tensor has the following symmetries:

m (XY, Z, W R, (Y, X, Z,W);
R

1. Ry ( )=-

2. R(X,Y,Z,W) = —Rp(X,Y,W, Z);
3. R(X,Y,Z,W) = Riy(W, Z,X,Y);
4. Rn(X,Y, Z, W)+ R (Y, Z, X, W) + Rin(Z, X,Y,W) = 0;

These say

Rijri = —Rjiri, Rijw = —Rijik, Rijii = —Riiij,  Rijr + Rjga + Riiji = 0.

Definition 17.3. A manifold M with Riemannian metric g is called flat if R = 0.

Theorem 17.4. A manifold M with Riemannian metric g is called flat if and only if it is locally
isometric to R™, i.e. if around each point p € M there exists a chart (x,U) such that Dx is an
isometry (where R™ is endowed with the usual metric > i 0ijdx; @ dxj) or equivalently if there exist

local coordinates such that g =73, ; i jdy' @ dy? on U.

List of Notation

[(X,Y] Lie bracket of vector fields
Jw integral of an n-form
\Y% a connection

Vxs=(Vs,X) C(Vs® X)

G, open subset of

A product in the exterior algebra
Alt"(V) alternating r-forms over V'
Br(0) ball of radius R centered at 0
C contraction

cy a-b-contraction
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C>®(c, E)

DF|
DF|
df|,,
DF(X)
Diff (M)
oM

dv

B

EQF

()
El,
E®F
exp
frw
F.X

7(0)
ri,
(M, E)

sections of E along ¢
smooth functions M — R
sections of E over M
exterior derivative

distance between two points

)

r Oz’

covariant derivative along a curve ¢
tangent vector a p “in coordinate direction”
derivative of F: M — N

1-form given by the derivative of f
“Jacobian matrix” of F: M — N
derivative of F': M — N at pe M
differential of f: M — R at p; same as Df],
push forward of a vector field

group of diffeomorphisms M — M
boundary manifold

covariant derivative

dual bundle

direct sum of vector bundles

stalk at p for a vector bundle n: E — M
sign of the permutation m

7~ Y(U) for a vector bundle 7: E — M
tensor product of vector bundles
exponential map

pullback of a form

push forward of a vector field

Lie algebra of the Lie group G

a Riemannian metric

tangent vector associated to a curve
Christoffel symbols

sections of E over M

30

19
23
33
37

30

= oo o

27
29
19
18
17
21
17
21
36

23

33

30
19
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H+
Hy(z)
A"E
A" f
A"V

o (U)

42

the half-space {(z1,...,z,) € R" : z, > 0}
g-th de Rham cohomology group

H(x,t) for a smooth homotopy

exterior power of a vector bundle

induced map A"V — AW

r-fold exterior power of V'

exterior algebra of V'

left translation in a Lie group

Lie derivative of f € C*°(M) along X € Vect(M)

Lie derivative of a differential form

Lie derivative of Y € Vect(M) along X € Vect(M)

M\ oM

E-valued p-forms, C°(M,APT*M ® E)
p-forms on U

orthogonal real n x n-matrices

parallel transport map

pullback of a function by a diffeomorphism
pullback of a vector field by a diffeomorphism
flow through p at time ¢

a vector bundle over M

curvature

element of O?(End(FE)) representing R
Riemannian tensor

s—CR(RX®Y)

symmetric group

sphere of radius R centered at 0

section along c(t) for a section s
symmetric real n X n-matrices

cotangent bundle to M

torsion

curvature matrix

connection matrix

27
24
25
23
22
21
21

11
24
12
27
28
23
14
31
11
12
10
17
31
31
40
32
21
38
30
14
19
34
32
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T®D M
TE)(U)

(TM)®k ® (T* M)®!

mixed tensors, C* (U, T*:D 1)
tangent bundle to M

dual space to T, M

tangent space at p € M
tensor algebra of V'
left-invariant vector field on G
space of vector fields

vector field acting on a function

N=

(Xp, Xp)
X(p) for X € Vect(M) and pe M

short for X, (g)(p) = X(g)(p)

same as g(X,Y)

21
21

33
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Index

1-form, [I9} see also form,

alternating form,

atlas,
compatible, []

base space,
Bianchi identity,

bump function,
bundle isomorphism, [20]
bundle map,

over M, [20]

centred chart, [4]
chain rule,
chart,

centred, [

with boundary, [27]
Christoffel symbol,
closed form,
cocycle,

condition,
cohomology

de Rham, see de Rham cohomology

singular, see singular cohomology
compatible atlases, [4]
complete vector field,
connection, [2§]

matrix, 29]

on M, see linear connection
contraction, [21]
cotangent bundle,
covariant derivative,
curvature, [3]]

matrix, [32]
curve

associated tangent vector,

locally minimizing,

de Rham cohomology,
de Rham theorem,
derivative, [5} 23]
covariant, see covariant derivative
diffeomorphism,
differentiable structure, [4]
dimension, [4]
distance,
distribution, [T5]
integral,

44

smooth,
dual bundle,

embedded submanifold, see submanifold

exact form,
exponential map,
exterior algebra,
exterior derivative,

exterior power, 2]
of a vector bundle,

fiber,
flat,

flow,
existence, [I0]
form,
pullback,
vector field valued,
frame,
Frobenius integrability theorem,

fundamental theorem of Riemannian geometry,

B34

Gauf}’ lemma,
geodesic,

ball,

sphere,
geodesic coordinates,

Hopf line bundle,

immersed submanifold,
immersion, T3]
induced connection, [35]
integrable distribution, [I5]
integral, [26]

distribution,

manifold,

supported in a chart,
integral curve,

maximal,

inverse function theorem,

Jacobi identity, [9]

Koszul connection, see linear connection

left translation, [9]
left-invariant vector field, [9]



length,
Levi-Civita connection,
Lie
algebra, [9]
bracket, [9]
derivative
of a form,
of a function, [T1]
of a vector field, [12]
group, [9]
subalgebra,
subgroup,
line bundle,
linear connection, [33]
compatible with a metric,
symmetric, [34]
torsion, [34]
torsion-free,

locally minimizing, [39]

manifold,

topology, [

with boundary,
maximal integral curve,
mixed tensor, [2]]

normal coordinates,

ODE
existence and uniqueness of solutions, [I0]
for geodesics, [36]
for parallel transport,
orientable,
orientation, [26]
on the boundary manifold, 27]
oriented manifold, [26]
orthogonal group,

p.0.u., see partition of unity
parallel

frame, [31]

section, [31]

transport, [31]
partition of unity,

Poincaré Lemma,
projective space, [
pullback

of a function,

of a vector field,

of forms,

r-form, 23] see also form
rank

of a vector bundle,

Riemannian

metric, [33]
tensor, [40]

section, [T9]
along a curve, [30]
singular cohomology,
smooth, []
distribution,
vector bundle, see vector bundle
smoothly homotopic, [25]
Stokes’ theorem,
submanifold,
symmetric, [34]

tangent

bundle, [6}

space, []

vector, [

associated to a curve, [5]

tautological bundle,
tensor algebra,
tensor product,

functoriality,

of vector bundles, 2]

topology, []
torsion, [34]
torsion-free,
total space,
transformation law

for tangent vectors, [f]
transition function,
transition map, [3]

for the tangent bundle, [7]
trivial bundle,
trivialization, [I7]

variations, [37]
vector bundle,
direct sum, [I§
dual,
exterior power, [23]
morphism of, see bundle map
rank,
tensor product, 21]
vector field, [7]
as derivation,
belonging to a distribution,
complete,
left-invariant, see left-invariant vector field
pullback, see pullback of a vector field
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